We show the existence of 112 non-singular rational curves on the supersingular K3 surface X with Artin invariant 1 in characteristic 3 by several ways. These non-singular rational curves have the minimum degree with respect to a very ample divisor on X.
Introduction
A supersingular K3 surface (in the sense of Shioda [24] ) is a K3 surface with the Picard group of rank 22. This occurs only if the ground field k has a positive characteristic p. Let S Y be the Picard lattice of a supersingular K3 surface Y and S * Y the dual of S Y . By a result of Artin [1] , S * Y /S Y is a p-elementary abelian group (Z/pZ) 2σ . The σ is called Artin invariant. Supersingular K3 surfaces in characteristic p with Artin invariant σ form a family of dimension σ − 1. Moreover Ogus [17, 18] proved the uniqueness of supersingular K3 surface with Artin invariant 1 over an algebraically closed field up to isomorphisms (see also Rudakov and Shafarevich [19] ).
In the paper [9] , Dolgachev and the second author studied the supersingular K3 surface in characteristic 2 with Artin invariant 1 by using the theory of the Leech lattice. They showed the existence of a (21) 5 -configuration of non-singular rational curves on the surface and gave a generator of the group of automorphisms of the surface. Later the authors [13] showed the existence of the (21) 5 configuration by using a structure of a generalized Kummer surface.
In this paper, we consider the supersingular K3 surface X with Artin invariant 1 in characteristic 3. It is known that X has a rich structure. For example, X is isomorphic to the Fermat quartic surface on which 112 lines exist, the elliptic modular surface with level 4 and the Kummer surface Km( A) associated to a superspecial abelian surface A (Shioda [23, 24] ). Recently Shimada and Zhang [22] showed that X is obtained as a purely inseparable triple cover of a non-singular quadric. Moreover X has extra automorphisms compared to the case of characteristic zero (see Dolgachev, Keum [8] ).
The purpose of this paper is to show the existence of 112 non-singular rational curves on X by several ways. We remark that there are infinitely many non-singular rational curves on X while these 112 curves are the ones which have the minimum degree with respect to a very ample divisor. First we shall study X by using a theory of the Leech lattice. The Picard lattice S X is isomorphic to the orthogonal complement of the root lattice A 2 ⊕ A 2 in the even unimodular lattice II 1, 25 of signature (1, 25) . By a description of a fundamental domain of the reflection subgroup of the orthogonal group O(II 1, 25 ) due to Conway [6] and a method of Borcherds [3] , we can see that there exist 112 nonsingular rational curves on X (Lemma 2.2). We show that these 112 non-singular rational curves are lines on the Fermat quartic surface (Section 3). Next we show that X is obtained as a double cover of a non-singular quadric, and describe 112 curves in terms of non-singular curves on the quadric (Section 4). Finally we construct 80 elliptic curves and 16 non-singular curves of genus 4 on A whose images, together with 16 non-singular curves obtained as exceptional curves, give 112 non-singular rational curves on Km( A) (Section 9). To construct these 80 elliptic curves, we consider decompositions of the curves of genus 4 into elliptic curves. More precisely, a curve C of genus 4 on A corresponds, as a divisor, to a quaternion hermitian 2 × 2 matrix M. We first decompose M into two quaternion hermitian matrices which correspond to elliptic curves and respectively. Namely,
we have a decomposition C ≡ + in the Néron-Severi group NS( A). Since we have 10 different decompositions of M, we get 20 elliptic curves in this way. By translations by 2-torsion points of A, we have 80 elliptic curves in total. By our construction we can control the intersection numbers of the elliptic curves and the curves of genus 4, and we can show that the elliptic curves have the required properties.
In any characteristic p = 2, there exist two sets of non-singular rational curves on Kummer surfaces associated with a non-singular curve of genus 2, called the Kummer (16) 6 -configuration, each of which consists of 16 disjoint curves such that each curve from one set meets exactly 6 members in other set. We will show that there exist two sets of non-singular rational curves on X each of which consist of 16 disjoint curves such that each curve from one set meets exactly 10 members in other set. Such a pair of two sets is called a (16) 10 -configuration. It is known that there exists a (16) 10 -configuration on a Kummer surface in characteristic 0 (Barth, Nieto [2] , Naruki [14] , Traynard [26] ). And we will show that there exist 280 F 9 -rational points on X such that each of 112 curves contains 10 F 9 -rational points and each F 9 -rational point lies on 4 curves. Such relation is called a (280 4 , 112 10 )-configuration (for the notation, see Dolgachev [7] for instance).
We thank Daniel Allcock, Igor Dolgachev and JongHae Keum for useful discussions. We also thank the referee for his careful reading and many comments.
Leech roots
A lattice (L, , ) is a pair of a free Z-module L of rank r and a non-degenerate symmetric integral bilinear form , : L × L → Z. For simplicity we omit , if there are no confusion. We denote by U the hyperbolic plane, that is, an even unimodular lattice of signature (1, 1) , and by A m , D n or E k the even negative definite lattice defined by the Cartan matrix of type A m , D n or E k respectively. We denote by L ⊕ M the orthogonal direct sum of lattices L and M. Also we denote by L m the orthogonal direct sum of m-copies of L. Let L be an even lattice and let L * = Hom(L, Z). We denote by A L the quotient L * /L and define a map 
Note that if r, r are Leech roots corresponding to λ, λ ∈ Λ respectively, then
Let P (II 1, 25 ) + be a connected component of the set
Then C is a fundamental domain of the reflection group W (II 1, 25 ) and O(II 1, 25 ) is a split extension of W (II 1, 25 ) by Aut(C ) so that Aut(C ) is isomorphic to a split extension of Z 24 by O(Λ) (Conway [6] A Steiner system S (5, 8, 24 ) is a set consisting of eight-element subsets of Ω such that any fiveelement subset of Ω belongs to a unique element of S (5, 8, 24 ). An eight-element subset in S (5, 8, 24) is called an octad. Then Λ is defined as a lattice generated by the vectors ν Ω − 4ν ∞ and 2ν K , where K belongs to the Steiner system S (5, 8, 24) . For more details, see [5] .
Now we consider the following vectors in Λ:
Then the corresponding Leech roots 
Next we shall classify the hyperplanes bounding D. To do this it is enough to consider the Leech roots r such that r and R generate a root lattice R of rank 5 because otherwise the hyperplane r ⊥ in P (II 1,25 ) + does not meet P (S) + . Obviously there are three cases occurring: α r α .
Proof.
(1) Since PSU(4, F 3 ) acts on the set of 112 Leech roots transitively, it is enough to see the assertion for one of them. We take the Leech root r K corresponding to 2ν K where
(see the proof of Lemma 2.2). By using the incidence relations mentioned in Remark 2.4, we can easily see that the number of Leech roots r α with r K , r α = 1 (resp. r K , r α = 0) is 30 (resp. 81). The Leech roots r α with r K , r α = 1 correspond to the following 30 octads: [19, Section 5] ). Since S is the orthogonal complement of R = A 2 ⊕ A 2 in the unimodular lattice II 1, 25 , q R = −q S (Corollary 1.6.3 in [15] ). By using these facts, we have q S X ∼ = q R ∼ = −q R ∼ = q S . It now follows from Theorem 1.14.2 in [15] that S is isomorphic to S X . 2
Proof. It is known that
Let P (S X ) + be the connected component of the cone {x ∈ S X ⊗ R: x, x > 0} which contains an ample divisor. Let D( X) be the ample cone of X which consist of all vectors x in P (S X ) + satisfying x, δ > 0 for any effective divisor δ on X with δ, δ = −2. Under an identification of S X with S, we may assume that
. By Lemma 2.7, the projection w of the Weyl vector ρ is contained in D( X), that is, w is an ample class. 
The Fermat quartic surface
It is known that the Fermat quartic surface in P 3 defined by
is a supersingular K3 surface with Artin invariant 1 in any characteristic p with p ≡ −1 mod 4 [24] .
It follows from Ogus [17, 18] that the Fermat quartic surface is isomorphic to X over an algebraically closed field in characteristic 3. In the following we identify X with the Fermat quartic surface. Note that Eq. (5) is a hermitian form over F 9 , and hence the group PGU(4,
is simple, it acts trivially on S * X /S X . Therefore under the identification of S X with S (Lemma 2.10), the action of PSU(4, F 3 ) on S can be extended to the one on U ⊕ Λ acting trivially on R = A 2 ⊕ A 2 . It follows from Lemma 2.1 that PSU(4, F 3 ) is isomorphic to the pointwise stabilizer group of R. It is known that the smallest dimension of irreducible representations of PSU(4, F 3 ) is 21 (see [4, p. 54 
]).
Thus the projection w of the Weyl vector ρ is a unique invariant vector with norm 4 in S X under the action of PSU(4, F 3 ), and hence w coincides with the class of the hyperplane section of the Fermat quartic surface. By Lemma 2.8(3), we conclude that 112 Leech roots in Lemma 2.2 are lines on X . We remark that it is known that the Fermat quartic surface in characteristic 3 contains exactly 112 lines [21] .
Recall that the number of isotropic vectors of an n-dimensional non-degenerate hermitian form over F q 2 is given by
Therefore the number of F 9 -rational points on the Fermat quartic surface X is Later we shall give this configuration in terms of the Kummer surface (see Theorem 9.2). The following theorem is a geometric interpretation of Lemma 2.8. Proof. We use the same notation as in the proof of Lemma 2.8. The linear system |k i +k i +k i | defines a quasi-elliptic or an elliptic fibration π : X → P 1 . Obviously π has 10 singular fibers of typeÃ 2 and 81 sections. Suppose π gives an elliptic fibration. Then, using the result by Ogg [16] , the order of the discriminant at the point of the singular fiber of typeÃ 2 , i.e., of type IV, is greater than or equal to 4. Therefore, the sum of the orders of the discriminant at the singular fibers of type IV is greater than or equal to 40. However, the sum of the orders of the discriminant is equal to the Euler number of X , which is equal to 24. A contradiction. Therefore, π is a quasi-elliptic fibration (also see [19, Theorem in Section 4]). Recall that a singular fiber of type IV of a quasi-elliptic fibration consists of three components meeting at one point and the cuspidal curve passes through singular points on each fiber. Since the cuspidal curve and the line l have the same intersection numbers with components of fibers and sections. Hence the line l coincides with the cuspidal curve. 2
A double quadric model
In this section, we shall construct X as a double cover of a non-singular quadric surface. We denote by ζ the primitive eighth root of unity given by ζ = 1 − √ −1. Let Q be a non-singular quadric
Then C and C meet at 10 points ((0 :
transversally. Note that C i (resp. D j ) meets C (resp. C ) at one of the above 10 points with multiplicity 3. Also there are 30 curves of bidegree (1, 1) passing through 4 points from the above 10 points. They are defined by:
Let Z be the double cover of Q branched along the divisor C + C of bidegree (4, 4) . Then Z has 10 nodes over the above 10 points. LetZ be the minimal resolution. Denote by E 1 , . . . , E 10 the exceptional curves, and l, l the inverse images of C , C respectively. Let C 
The Néron-Severi group of a superspecial abelian surface
Let k be an algebraically closed field of characteristic p > 0 and let E be a supersingular elliptic curve defined over k. We consider a superspecial abelian surface A = E 1 × E 2 with E 1 = E 2 = E. We often denote by E 1 (resp. E 2 ) the divisor E 1 × {0} (resp. the divisor {0} × E 2 ) on A. We take X = E 1 + E 2 for the principal polarization on A. We set O = End(E) and B = End 0 (E) = End(E) ⊗ Q. Then, B is a quaternion division algebra over the rational number field Q with discriminant p, and O is a maximal order of B. For a divisor L, we have a homomorphism
where T x is the translation by x ∈ A. We set
Then we have the following theorem (cf. [11] and [12] ). 
Let m : E × E → E be the addition of E, and we set = Ker m.
We have = {(P , −P ) | P ∈ E}. Note that this is different from the usual diagonal. For two endomorphisms a 1 , a 2 ∈ End(E), we set
Using this notation, we have = 1,1 . We have the following theorem (cf. [12] ).
In particular, we have j( ) =
Supersingular elliptic curve in characteristic 3
We summarize, in this section, known facts on the supersingular elliptic curve in characteristic 3 which we will use later.
We have, up to isomorphism, only one supersingular elliptic curve defined over k, which is given by the equation
We denote by E a non-singular complete model of the supersingular elliptic curve, which is defined by 
We denote by [n] E the multiplication by an integer n. [2] E is concretely given by
In case of characteristic p > 0, we denote by F (resp. V ) the relative Frobenius morphism (resp. the Verschiebung), which has the following relations:
We have the following lemma. 
Here, ζ is the primitive eighth root of unity given by ζ = 1 − √ −1. We set
The point P ∞ is the zero point of E, and the group of 2-torsion points of E (resp. the group of 4-torsion points of E) is given by
Then E has the following automorphisms σ and τ :
By this relation, we know that in the maximal order O = End(E)
We set ρ = τ • σ . Then, ρ is of order 4 and we have
The translation T P 0 by the point P 0 is given by T * P 0
We set θ = T * P 0 . Then the group G which is generated by θ acts on the function field k(E), and
are invariant under the action of G. It is easy to see that the invariant field k(E) G is given by
We set
Then, x and y satisfy the equation
Hence, we have E/G ∼ = E and we see that the projection
We have
By direct calculations, we have relations:
By the general theory of quaternion algebra over Q, the quaternion algebra with discriminant 3 is given by
and a maximal order O of B is given by
(cf. [10] and [11] ). In the case of the supersingular elliptic curve in characteristic 3, we can take α and β as β = τ , α = F and then
by the relations of endomorphisms above.
We consider now in characteristic 3 the superspecial abelian surface
Using the notation in Section 5, on A we take six divisors 
Moreover, these six divisors give a basis of NS( A).
By direct calculation based on 
A curve of genus 4
In this section we consider the non-singular complete curve C of genus 4 defined by the equation
The F 9 -rational points are given by
Therefore, C has 10 F 9 -rational points. We have a morphism ϕ from C to E defined by
ϕ is unramified except at the point at infinity. To make an immersion from C to E × E, we need to construct one more similar morphism from C to E which is unramified at the point at infinity. For this purpose, we consider an automorphism η of C which is defined by
We also consider an automorphism η of the elliptic curve E defined by
Then, we have a morphism ϕ from C to E which is defined by
The morphism ϕ is concretely given by
and it is easy to see that
at any point except the point of infinity.
Moreover, the homomorphism ϕ * is injective on the tangent space at the point at infinity. Now, we set
By a direct calculation, we see that this morphism is injective. Since ϕ is étale except at the point at infinity and ϕ is étale at the point at infinity, we see that the tangent map induced by the morphism ψ is injective. Hence, the morphism ψ is an immersion. We have
Therefore, the image of the set C (F 9 ) by the morphism ψ is given by ten 2-torsion points:
At the F 9 -rational points of C , the tangent maps are given as follows: Proof. Since the morphism ψ is defined over F 9 , the F 9 -rational points on Im ψ come from F 9 -rational points on C . Considering Ker [4] 
Since 2-torsion points are defined over F 3 , the latter part follows easily from the former part. 2
From here on, we identify ψ(C) with C if we have no confusion. We now calculate the intersection number of the curve C with the basis E 1 , E 2 , = 1,1 , 1,τ , 1,−σ , 1,−τ σ . Since the degrees of the morphisms ϕ, ϕ are equal to 3, we see that (C, E 1 ) = (C, E 2 ) = 3. Since the genus of C is equal to 4, we have C 2 = 6. Calculating the ideals of the pull-backs of the divisors to C , we have the following result.
Theorem 7.3. In NS( A), we have a decomposition
In particular,
Proof. Using the basis {E 1 , E 2 , , 1,τ , 1,−σ , 1,−τ σ } of NS( A), we suppose that C is expressed as
with integers a, b, c, d, e, f . Considering the intersections of C with the elements of the basis, we have equations:
Solving these equations, we get the former part of the result. The latter part follows from Lemma 6.2. 2
Construction of curves on an abelian surface
We use the notation in previous sections. Let E be the supersingular elliptic curve in characteristic 3, and we consider the superspecial abelian surface
At each point of Ker [2] A , we have 10 tangent directions which are F 9 -rational. At the zero point of A and to one of F 9 -rational tangent direction at the zero point, we construct, in this section, one curve of genus 4 and two elliptic curves which pass through the 2-torsion point and whose tangents at the zero point are equal to the tangent direction. At the zero point, we have in total 10 curves of genus 4 and 20 elliptic curves. By translations by 2-torsion points, we have finally 16 curves of genus 4 and 80 elliptic curves. In the next section, we will show that these curves of genus 4 together with 16 exceptional curves form a (16) 10 -configuration of rational curves on the Kummer surface, and the 16 curves of genus 4 and the 80 elliptic curves together with 16 exceptional curves make 112 rational curves on the Kummer surface which correspond to Leech roots on the Kummer surface.
Then, C ∞ is a curve of genus 4 and contains the following ten 2-torsion points:
We denote by T A the tangent space of A at the zero point of A. Note that T A has a natural basis by using an invariant vector field ∂ ∂ y on the elliptic curve E. Then, these 10 curves of genus 4 all pass through the zero point of A, and the tangent vector to the curve C α at the zero point of A gives a point (1, α) in the projectivized tangent space P 1 (T A ). They give the F 9 -rational points on P 1 (T A ).
We also note that these 10 curves give the same divisor in NS( A). Now, to construct 20 elliptic curves which pass through the zero point of A, we consider the following 10 decompositions in the maximal order O = End(E) of B = End 0 (E):
Corresponding to these decompositions, we construct the following pairs of elliptic curves:
In each class (α), the tangent vector at the zero point to each elliptic curve gives a point (1, α) in the projectivized tangent space P 1 (T A ), and by our construction the divisors which are the sum of two elliptic curves are all algebraically equivalent to the curve C α of genus 4. We denote by E ∞ the set of these 20 elliptic curves.
In class (α) we denote by α and α the two elliptic curves in the class. Then, for the triple
By Theorem 5.1, we can compute the intersection numbers of these twenty elliptic curves. In particular we see
in each case. Therefore, we also have
Since the directions of the tangent vectors of these three curves at the zero point of A coincide with each other, we see that the multiplicity of the intersection of α and α at the zero point is greater than or equal to 2. Since α ∩ α is a subgroup scheme, we see α ∩ α = α 3 , and so α and α intersect each other at the zero point with multiplicity 3, and they do not intersect each other at any other points. Proof. Suppose that C α intersects with α at a point P which is not the zero point. Since both C α and α are defined over F 9 , the Galois group over F 9 acts on rational points on C α and α . In our case the intersection multiplicity of C α and α at the zero point (resp. at the point P ) is two (resp. one), the Galois group fixes the point P . So P is an F 9 -rational point of C α . However, C α does not pass through F 9 -rational points of A which are not F 3 -rational points. Therefore, we
Since we see that C α does not intersect with α on Ker [2] A \ {0}, we conclude that C α intersects with α only at the zero point with multiplicity 3. The rest is proved similarly. 2
Take a 2-torsion point a which is not the zero point. Then, we can check that just one curve among 3 curves C α , α and α passes through the 2-torsion point a. 
Since each elliptic curve G contains four 2-torsion points, we see that the set E contains 20 × 16 ÷ 4 = 80 elliptic curves. We denote by E a the subset of E such that G ∈ E contains the point a ∈ Ker[2] A .
We have E 0 = E ∞ . Then, the set E a contains 20 elliptic curves whose tangent vectors at the point a give ten F 9 -rational points of the projectivized tangent space at the point a. Two of them give the same rational point in the projectivized tangent space. We set
Then, the 4-torsion points on E which are not in the group Ker[2] E of 2-torsion points are given by
and the 2-torsion points are given by
For each elliptic curve in E 0 we put a number as follows:
Then, we have sixteen curves of genus 4 such that each passes through 10 points in Ker [2] A . Since
(T a C ∞ · T b C ∞ ) = 6 for any 2-torsion points a, b, the curves T a C ∞ and T b C ∞ intersect each other at six 2-torsion points transversely and they don't intersect at any other points. Therefore, two of the elements in D intersect at 6 points in Ker [2] A transversely. We set 
Rational curves on a Kummer surface
Let A = E 1 × E 2 with E 1 = E 2 = E be the superspecial abelian surface and let ι be the inversion of E. We consider the quotient surface A/ ι × ι and its minimal resolution Km( A). Km( A) is a K3 surface and is called a Kummer surface. We consider the following diagram:
Here, f is the minimal resolution of singularities and f is the blowing-up at the sixteen 2-torsion points of A. The morphism g is the quotient map to the quotient surface by the group of order 2, lifted toÃ.
Let {C α , α , α } be a triple of the curve of genus 4 and two elliptic curves α , α as in Section 8 which pass through the zero point of A. We denote by 0 the exceptional curve which comes from the zero point of A. We denote byC α ,˜ α ,˜ α the proper transforms of C α , α , α respectively. Then, each two of members of the triple intersect at the origin with multiplicity 3, we see that each two of the proper transforms intersect on the exceptional curve 0 with multiplicity 2. Since α and α contain four points in Ker [2] A respectively and C α contains 10 points in Ker [2] A , we have the following intersection numbers for the proper transforms: Hence, by deg g = 2 we conclude
We note that the rational curves g(C α ), g(˜ α ), g(˜ α ) and g( 0 ) intersect one another at the same point.
We denote by A the set of exceptional curves for the resolution f and byD the set of proper transforms of the curves in D. We also denote by B the set of rational curves on Km( A) which are obtained as the images by g of the proper transforms. Then, from the argument above, we have the following theorem (see Proposition 2.9). We consider the setẼ of proper transforms of the curves in E, and we denote byĒ the set of rational curves which are obtained as the images of the curves inẼ by g. We set R = A ∪ B ∪Ē.
Then, R contains in total 112 non-singular rational curves whose self-intersection numbers are all equal to −2. By the argument above, we know that on one rational curve in R there exists ten F 9 -rational points and that at each F 9 -rational point 4 rational curves in R intersect transversely each other. Therefore we have 10 × 112 ÷ 4 = 280 F 9 -rational points. We denote by P the set of these 280 points. Summarizing these results, we have the following theorem (see Proposition 3.1). (Km( A) ). Moreover, P and R make a (280 4 , 112 10 )-configuration.
Theorem 9.2. The set R is the set of Leech roots in NS

